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Experimental and Theoretical Study of Gust Response
for High-Aspect-Ratio Wing

Deman Tang¤ and Earl H. Dowell†

Duke University, Durham, North Carolina 27708-0300

A nonlinear response analysis of a high-aspect-ratio wing aeroelastic model excited by gust loads is presented
along with a companion wind-tunnel test program. For the wind-tunnel tests, a high-aspect-ratio wing aeroelastic
experimental model with a slender body at the tip has been constructed, and a rotating slotted cylinder gust
generator has been used to generate a gust excitation � eld. A LabVIEW 5.1 measurement and analysis system
is used to measure the gust response, � utter boundary, and limit-cycle oscillation behavior. Structural equations
of motion based on a nonlinear beam theory are combined with the ONERA aerodynamic stall model to study
the effects of geometric structural nonlinearity and steady angle of attack on nonlinear gust response of high-
aspect-ratio wings. Also a dynamic perturbation analysis about a nonlinear static equilibrium is used to determine
the small perturbation � utter boundary. The fair to good quantitative agreement between theory and experiment
demonstrates that the present analysis method has reasonable accuracy.

Nomenclature
Cd = section drag coef� cient
Cl = section lift coef� cient
Cm = section torsional moment coef� cient
C» = structural damping
c; Nc = wing chord and dimensionless chord, c=L
cSB = chord of slender body
dD, dL = section drag and lift forces
dFv , dFw = section chordwise and vertical component forces
dMx = section pitch moment about elastic axis
dM0 = section pitch moment about one-quarter chord
E = modulus of elasticity
e = section mass center from elastic axis
G = shear modulus
g = gravitational constant
I1, I2 = vertical and chordwise area moments
J = torsional stiffness constant
Km = wing mass radius of gyration
L = wing span
M = tip mass of the wing
m = mass per unit length of the wing
Na = number of aerodynamic elements
Ns = total number of structural modes
t = time
U = freestream velocity
V j , W j = generalized coordinates for bending
v = chordwise bending de� ection
w = vertical bending de� ection
x = position coordinate along wing span
yac = distance of aerodynamic center of airfoil

section from elastic axis
® = wing section angle of attack
®G = gust angle of attack
1l = dimensionlesswidth of lth spanwise

aerodynamic element
µ0 = steady angle of attack at root section
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½ = air density
8 j = generalized coordinates for torsion
Á = twist about deformed elastic axis
! = gust frequency !Á j , j th torsional natural

frequency of wing
!v j = j th chordwise natural frequency of wing
!w j = j th vertical natural frequency of wing
0 = d( )=dx
: = d( )=dt

Introduction

M ANY authors have studied the aeroelastic stability and re-
sponse of an aircraft with a high-aspect-ratiowing from sub-

sonic to supersonic� ow. Linearbeamtheoryis oftenusedto simplify
the wing structural model; however, a geometric structural nonlin-
earity may arise from the coupling between elastic � ap bending
w, chordwise bending v, and torsion Á for very high-aspect-ratio
wings typical of long-endurance, high-altitude uninhabited air ve-
hicles. The effect of the large static pre� utter deformation on the
� utter boundary, limit-cycle oscillation (LCO) response, and most
signi� cantly and primarily gust response is studied here. Previous
workhasbeenprimarilyconcernedwith � utterandLCO. The results
provide additional insight with respect to the contribution of struc-
tural nonlinear coupling to the aeroelastic stability and response of
high-aspect-ratiowings.

Following Refs. 1–5, an experimental and theoretical study on
� utter and LCOs of high-aspect-ratio wings has been reported in
Ref. 6. An experimental high-aspect-ratio wing aeroelastic model
with a tip slender body was constructed, and a wind-tunnel test
was conducted to measure the static aeroelastic response, � utter,
and LCOs.6 Large static pre� utter deformations in the vertical or
torsional direction were created by the gravity loading on the hori-
zontally mounted wing and a tip slender body and also by a steady
angle of attack at the wing root, which creates a static aerodynamic
load on the wing. The experimental results6 largely validate the
theoretical results of earlier studies.3¡5 In particular, a hysteresis
phenomenon was found in both the theoretical analysis and experi-
mental observation of the nonlinear aeroelastic system.

Following the work of Ref. 6, in the present paper we develop
a mathematical model and computational code in the time domain
to calculate the nonlinear gust response of an aircraft with a high-
aspect-ratio wing at low subsonic � ow speeds. Different from the
wing experimental model tested in Ref. 6, the present wing model
is mounted vertically to eliminate gravity effects. Large static pre-
� utter deformations in the � apwise or torsional direction are, thus,
only created by a steady angle of attack at the wing root. Sinu-
soidal and linear frequency sweep gust loads are used in both the
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theoretical prediction and wind-tunnel test. Structural equations of
motion based on a nonlinear beam theory are combined with the
ONERA aerodynamic stall model to study the effects of geometric
structural nonlinearityand steady angle of attack on nonlinear gust
response of high-aspect-ratio wings. Also a dynamic perturbation
analysis about a nonlinear static equilibrium is used to determine
the small perturbation � utter boundary.

To validate the theoretically predicted gust response character-
istics of the high-aspect-ratio wing, an experimental investigation
has been carried out in the Duke wind tunnel using a rotating slot-
ted cylinder (RSC) gust generator based on a concept of Reed (see
Ref. 7) and a LabVIEW 5.1 measurement and analysis system to
measure the gust response and LCO de� ections of the wing model.
The results may be helpful in better understanding physically the
nonlinear aeroelastic response of a high-aspect-ratiowing model to
gust loads and assessing the accuracy of the present (or another)
mathematical model and computational code.

Experimental Wing Model and Measurements
The experimental model includes two parts: a high-aspect-ratio

wing with a slender body at the tip and a root support mechanism.
The wing is rectangular,untwisted, and � exible in the � ap w, lag v,
and torsional Á directions (see Fig. 1 for a schematic of the model).
The wing is constructedfrom a precisionground � ap steel spar with
mass uniformlydistributedalong the wing span.The spar is 45.7 cm
in length, 1.27 cm in width, and 0.127cm in thickness. It is inserted
tightly into the wing root mechanism. To reduce torsional stiffness,
the spar has multiple thin � anges along the span. The � ange width
is 0.127 cm, and it is 0.318 cm deep. There are 2 £ 33 � anges
uniformly and symmetrically distributed along the wing span and
centerline of the spar. There are 18 pieces of NACA 0012 airfoil
plate uniformly distributedalong the span. The pieces of the airfoil
plate are made of aluminumalloy with 0.1 in. thickness.A precision
aerodynamic contour of the wing model is obtained. Each airfoil
plate has a slot 1.27 cm in width and 0.127 cm in thickness at the
symmetry line. The spar is inserted through these airfoil plate slots,
and they are permanently bonded together. Each space between
two airfoil plates is � lled with a light wood (balsa) covering the
entire chord and span, which provides the aerodynamic contour of
the wing. This wood provides a slight additional mass and a small
addition to the bending and torsion stiffness.

A slender body is attached to the elastic axis of the wing tip. The
slender body is an aluminum bar, 0.95 cm in diameter and 10.16 cm
in length. A paraboloidal forebody and an aftbody with 1.14 cm
length are � xed to two ends of the bar. The forebody and aftbody
are made of brass. The geometry of the paraboloidal forebody is
described as follows:

R=R0 D Ny2; Ny D 0 ¡! 1

The slender body is symmetrical and is designed to provide enough
torsionalinertiato reducethenaturaltorsionalfrequencysuf� ciently
to induce � utter in the velocity range of the wind tunnel.

Fig. 1 Physical representation of wing model.

Fig. 2 Experimental model and gust generator in the wind tunnel.

The root support mechanism is a socket that allows a change of
the steady angle of attack at the root. The root socket is mounted to
the midpoint of the top wind-tunnel wall as shown in Fig. 2, which
is a photographof the aeroelasticwing model with a gust generator
in the wind tunnel.

Axial strain gauges for bending modes and a 45-deg oriented
strain gauge for torsionalmodes were glued to the root spar to mea-
sure the bending– torsionalde� ections of the wing. Signals from the
strain gauges were conditionedand ampli� ed before their measure-
ment through a gauge conditioner and a low-pass � lter. A microac-
celerometer is mounted at midspan of the wing. The output signals
from these transducers are directly recorded on a computer with
data acquisition and analysis software, LabVIEW 5.1.

A helium–neon laserwith 0.8-mW randomlypolarizedand wave-
length 633 nm is mounted on the top of the tunnel. The top of the
tunnel is made of a 1.27-cm-thickglass plate. A 1.27-cm-diammir-
ror, is � xed on the tip of the wing. A mirror de� ection technique is
used to determinethe tip twist and tip � ap bendingslopeof the wing.
A point produced by the re� ected light source is marked on a read-
out grid paper placed on the top of the wind tunnel when the wing is
unde� ected. The readout grid paper is calibratedwith respect to tip
� ap and twist de� ections before the test. The displacement of the
re� ected light source point is then determined as the � ow velocity
is varied.

The gust was created by placing an RSC behind a � xed airfoil
upstream of the wing model. For details of the gust generator con-
� guration and control, see Ref. 7.

All � utter, LCO, and gust response tests were performed in
the Duke University low-speed wind tunnel and tunnel measure-
ment system. The wind tunnel is a closed circuit tunnel with a
0:7 £ 0:53 m2 test section and a length of 1.52 m. The maximum
airspeed attainable is 89.3 m/s.

The basic parameters of the experimental wing model were ob-
tained from standard static and vibration tests and are listed in
Table 1.

State-Space Equations
Structural Model

According to the Hodges–Dowell equations,1 for a uniform, un-
twisted elasticwing, neglectingcross sectionwarping,the equations
of motion may be written as

E I2v 0000 C .E I2 ¡ E I1/[Á.w/00]00 C m Rv C C» Pv

C .M Rv C Iz Rv 0/±.x ¡ L/ C vmg D
dFv

dx
C 1Fv (1)

E I1.w/0000 C .E I2 ¡ E I1/.Áv00/00 C m Rw ¡ me RÁ C C» Pw

C .M Rw C Iy Rw0/±.x ¡ L/ C wmg D dFw

dx
C 1Fw (2)

¡G JÁ00 C .E I2 ¡ E I1/w00v 00 C Ix
RÁ±.x ¡ L/ C m K 2

m
RÁ

C C»
PÁ ¡ me Rw D dMx

dx
C 1Mx (3)
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Table 1 Experimental wing model data

Properties Value

Wing
Span L 0.4508 m
Chord c 0.0508 m
Mass per unit length 0.2351 kg/m
Moment inertia (50% chord) 0:2056£ 10¡4 kgm
Spanwise elastic axis 50% chord
Center of gravity 49% chord
Flap bending rigidity E I1 0.4186 N ¢ m2

Chordwise bending rigidity E I2 0:1844£ 102 N ¢ m2

Torsional rigidity G J 0.9539 N ¢ m2

Flap structural modal damping »w 0.02
Chordwise structural modal damping »v 0.025
Torsional structural modal damping »Á 0.031

Slender body
Radius R 0:4762£ 10¡2 m
Chord length cSB 0.1406 m
Mass M 0.0417 kg
Moment inertia Ix 0:9753£ 10¡4 kgm2

Moment inertia Iy 0:3783£ 10¡5 kgm2

Moment inertia Iz 0:9753£ 10¡4 kgm2

A few general comments about Eqs. (1–3) may be in order. First,
when each of these equations is multiplied by ±v, ±w, and ±Á, re-
spectively,and integrationis performedover the length of the beam,
a variational statement may be derived. Conversely, as shown in
Ref. 1, these equations may be derived from Hamilton’s principle.

The vertical longitudinal displacementof the wing model is

u D 1
2

Z x

0

[.v 0/2 C .w 0/2] dx

Hence, the gravitational elastic potential energy of the wing (in-
cluding tip slender body) is

Vmg D
1

2
mg

Z L

0

Z x

0

[.v 0/2 C .w0/2] dx dx

C 1

2
Mg

Z L

0

[.v 0/2 C .w 0/2] dx

From Vmg , the restoringstiffnesstermsvmg and wmg may be deduced
by variational methods.

Note that in Eqs. (1–3) only the most important nonlinear terms
are retained from the Hodges–Dowell equations1 and the third- and
higher-ordergeometricallynonlinear terms are neglectedhere.Also
note that the geometric twist angle

OÁ D Á C
Z x

0

v 0w00 dx

is considered in the aerodynamic terms. M is the tip slender body
mass, Ix , Iy , and Iz are the tip mass inertial properties,µ0 is the pitch
angle or steady angle of attack at the root of this wing model, and
e is the distance between mass center and wing elastic axis center.
Note that Patil et al.3 and Patil and Hodges5 have improved these
equations to allow for large de� ections.

Aerodynamic Models
The aerodynamic forces include two parts. One contribution is

from the wing surface,dFw=dx , dFv=dx , and dMx =dx , and the other
is from the slender body at the wing tip, 1Fw; 1Fv , and 1Mx .

ONERA Airfoil Model
The v andw componentsof theaerodynamicforceand theaerody-

namic moment about the elastic axis x can be expressed as follows:

dFw D dL ¡ .Á¸ ¡ µ0/ dD; dFv D ¡dD ¡ .Á¸ ¡ µ0/ dL

dMx D dM0 ¡ yac dFw (4)

where

dL D 1
2
½cU 2Cl dx; dD D 1

2
½cU 2Cd dx

dM0 D 1
2 ½c2U 2Cm dx; Á¸ ¼ Pw=.U C Pv C Pwµ0/

® D OÁ C µ0 ¡ Á¸ C ®G

and ®G is an effective gust angle of attack.
The sectionaerodynamiccoef� cientsCl , Cd , and Cm are obtained

from the original ONERA stall aerodynamic model (see Refs. 8
and 9). These airfoil relationshipsare combined with a strip theory
assumption to determine the wing aerodynamic forces. Patil and
Hodges5 have shown the strip theory assumption is a good one for
such high-aspect-ratiowings. See Refs. 5 and 6 for more details of
the aerodynamicmodel.

Slender Body Theory
We follow Bisplinghoffet al. (Ref. 10, page418 and the following

ones) to derive the aerodynamic forces of the slender body. For
details, see Ref. 6. The results are

1Fw D ½

"

. Rw C U PÁ/

Z cSB

0

S dy C RÁ
Z cSB

0

S.y ¡ yB / dy

#

±.x ¡ L/

1Mx D ½

"

.U Pw C U 2Á/

Z cSB

0

S dy ¡ Rw
Z cSB

0

S.y ¡ yB/ dy

¡ RÁ
Z cSB

0

S.y ¡ yB /2 dy

#

±.x ¡ L/ (5)

and if we assume the slender body drag can be neglected, then

1Fv D ¡.Á¸ ¡ Á ¡ µ0/1Fw

where y is the chordwise position and yB ´ yea is the distance from
leading edge to the elastic axis of the slender body. S ´ body cross-
sectional area and S D ¼R2 , for a circular cross-section of radius
R.y/.

Gust Angle of Attack ®G

When we use the ONERA aerodynamicmodel, a key considera-
tion is how to express the gust angle of attack for an airfoil entering
a sinusoidal gust � eld. A generic expression of the effective gust
angle of attack is

®G .t; Ny/ D ®G0 sin.!t ¡ k Ny/

where Ny is the nondimensional streamwise coordinate � xed on the
airfoil, with the origin Ny D 0 located at the midchord point, and k
is the reduced frequency. In this paper, we assume the chordwise
distribution of the gust velocity may be regarded as constant at any
instant of time and equal to the gust at the midchord point. The
effective gust angle of attack is, thus,

®G .t/ D ®G0 sin !t (6)

This assumption is valid for the present experimental wing model,
as shown in Ref. 11.

A continuous frequency sweep gust is also considered. It is ex-
pressed as

®G.t/ D ®G0 sinf!1 C [.!2 ¡ !1/=2T ]tgt (7)

where !1, !2 , and T are the minimum frequency, maximum fre-
quency, and the sweep duration, respectively.

Theoretical results for gust response are obtained using a time-
marchingapproach.The � owvelocityis belowthe� uttervelocityfor
these measurements and calculations.For the strip theory, ONERA
aerodynamic model, the wing is divided into 10 spanwise aerody-
namic sections, this is, Na D 10. The stall aerodynamic data for an
NACA 0012 airfoil are used in this paper (see Ref. 9).
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Structural Modal Equations
Expansions in general mode shape functions are used to obtain

ordinary differential equations in terms of generalized coordinates
from Eqs. (1–3). They are expressed in series form as follows:

Nv D
NX

j D 1

V j .t/Ã j . Nx/; Nw D
NX

j D 1

W j .t/Ã j . Nx/

Á D
NX

j D 1

8 j .t/2 j . Nx/ (8)

where the overbar indicates nondimensionalization with respect to
the wing span L and Ã j , 2 j are the j th normal modes of the asso-
ciated linear structural model.

Let fqg be a state vector that is de� ned as

fqg D f PV j ; V j ; PW j ; W j ; P8; 8 j ; Cll ; Cml ; Cdl g

where the structural mode number is j D 1; 2; : : : ; Ns and the
aerodynamic section number along the span of the wing is l D 1;
2; : : : ; Na . Using the Galerkin method, one obtains a set of state-
space matrix equations from Eqs. (1– 6):

[A]f Pqg C [B]fqg D fF0g[µ0 C ®G .t/] C fFN g (9)

Note that the coef� cient matrices [A] and [B] are dependent on the
� ow and structural parameters. The force vectors F0 and FN are
(linear) static and gust loads obtained from the effects of steady
and gust angle of attack and the nonlinear forces obtained from the
structural nonlinearity and stall aerodynamics, respectively.

Equation (9) is a set of nonlinear equations of motion. A strictly
linear � utter boundary is determinedusing Eq. (9) by settingFN ´ 0
and µ0 D 0 and ®G0 D 0. There is no effect on the strictly linear � utter
boundary of a pre� utter static de� ection or initial conditions. For
FN 6D 0, ®G0 D 0, and µ0 6D 0, a large static pre� utter deformation
may exist, and then a dynamic perturbation approach is used to
determine the small perturbation � utter boundary of this nonlinear
systemabout a nonlinearand nontrivialstaticequilibriumcondition.
That is, one assumes

q D Nq C Oq (10)

where the overbar refers to the static equilibrium value of the vari-
able, and corresponding quantities with a caret are small (linear)
dynamic perturbationsabout the static equilibrium state.

When Eq. (10) is substituted into Eq. (9), a set of static equilib-
riumequationsand dynamicperturbationequationsis obtained.The
static equilibrium equations comprise a set of nonlinear algebraic
equations for the unknown state vector f Nqg.

The dynamic perturbation equations about a static equilibrium
state are

[ NA]f POqg C [ NB]f Oqg D f0g (11)

a) Flap b) Twist

Fig. 3 Static aeroelastic de� ections of the wing vs � ow velocity for steady angle of attack µ0 = 1 deg.

Note the coef� cient matrices [ NA] and [ NB] are dependenton the � ow
velocity and the static equilibrium state, for example, U , Nq , etc.

On the other hand, to determine the gust response of this aeroe-
lastic system, we use Eq. (9) and a time-marching approach, that is,
a Runge–Kutta method (see Ref. 6).

Correlation Between Theory and Experiment
Results Without Gust Loads

A brief discussionof these results is included here as background
for the subsequent presentation of the results for gust response.
These results serve to calibrate the intrinsic dynamics of the aeroe-
lastic model.

Static Aeroelastic De� ections of the Wing
Typical theoreticaland experimentalresults are shown in Figs. 3a

and 3b for a steady angle of attack, µ0 D 1 deg. Figure 3a is for the
tip � ap wise de� ection and Fig. 3b for the tip twist. The solid line
indicates the theoretical results, and the bar indicates the measured
data. The experimental data appear to have some scatter due to the
turbulentaerodynamic� ow, although the � ow noise is small. A very
high measurement sensitivityis obtained from the mirror technique.
A bar is used in Fig. 3 to indicate the magnitude of the experimen-
tal response uncertainty. As shown Fig. 3, both the tip and twist
de� ection increase with increasing � ow velocity. The theoretical
predictionand measured data in Fig. 3 are acquiredbefore the onset
of � utter and LCO. In general, the agreement between theory and
experiment is good, that is, within 10% or less. In the higher-�ow-
velocity range, the data � uctuation increases due to greater aerody-
namic turbulence.The experimentalLCO data will be discussed in
the next section.

Flutter and LCO Response
Very clear � utter and LCO response are observed in the present

wind-tunnel test. Experimental � utter and LCO response are deter-
mined for four different steady angles of attack, that is, µ0 D 0, 0.25,
0.5, and 0.7 deg. For the safety of this wing model, we did not de-
termine � utter or LCO for µ0 > 0:7 deg. The theoretical results are
obtained from the dynamic perturbation Eq. (11) and also using a
time-marching approach for the full nonlinear Eq. (9). For no static
wing deformation, the strictly linear � utter speed and frequencyare
found to be 33.8 m/s and 22 Hz, respectively.

Figure 4 shows the dynamic perturbation� utter velocity (Fig. 4a)
and frequency (Fig. 4b) vs the steady angle of attack from both
theoryandexperiment.The solid line is for thedynamicperturbation
solution and the � lled circle is for the experimental data (onset
velocity of � utter or LCO). The � utter velocity increases as the
steadyangleof attack increases.This is becausethe torsionalnatural
frequency increases with increasing the static � apwise de� ection.5

The maximum difference between theory and experiment is only
about 2%. The experimental � utter frequency is lower than that
from the theory. The maximum difference is about 5%. For larger
µ0, the more re� ned theoretical model of Patil et al.3 might give
better agreement with the experimental data, and this is a worthy
subject of further study.
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a) Flutter velocity b) Flutter frequency

Fig. 4 Perturbation eigenvalue solution of the nonlinear aeroelastic system vs steady angle of attack at the root section.

a) Amplitude b) Frequency

Fig. 5 Midspan LCO vs � ow velocity for µ0 = 0.5 deg.

a) Increasing � ow velocity b) Decreasing � ow velocity

Fig. 6 LCO time history for µ0 = 0.5 deg at midspan.

Typical LCO amplitude and frequency vs � ow velocity for
µ0 D 0:5 deg and at the midspan position are shown in Figs. 5a
and 5b, respectively. The theoretical and experimental amplitudes
are taken as rms average values from a 50-s sampling interval. The
open circles and triangles indicate the experimental results for in-
creasing and decreasing � ow velocity, respectively. The solid and
broken lines (without symbols) indicate the theoretical results for
increasing and decreasing � ow velocity, respectively. The symbol
� lled circle indicates the linear � utter velocity that is calculated
from the perturbation eigenvalue solution. For the increasing � ow
velocity case, the theoreticalLCO occurs when the � ow velocity is
larger than the perturbation � utter velocity and the amplitude has
a jump from almost rest to a larger value. Once the onset of LCO
occurs, the amplitude increases smoothly with increasing the � ow
velocity.When U > 37:5 m/s, a numerical or possiblya physicaldi-

verging time history is found in the theoretical model. For the case
of decreasing � ow velocity, as shown by the broken line, the LCO
amplitudedecreasesbut does not exactly coincidewith those for the
increasing velocity case. Also there is a jump in the LCO response
at U D 33 m/s, which is a distinctly lower velocity than that found
for the increasing velocity case, that is, U D 35 m/s.

To show further details of the theoretical results, two time his-
tory � gures have been prepared for the LCO responses obtained
from increasing or decreasing � ow velocity. The results are shown
in Figs. 6a and 6b for µ0 D 0:5 deg. Figure 6a is the result from
increasing velocity, and Fig. 6b is for decreasing velocity. There
are 12 � ow velocities from U D 32 to 37.5 m/s with 1U D 0:5 m/s
consideredin the calculation.At each � ow velocity, the time history
is computeduntil the system achievesa steady-stateLCO response.
In general, it takes about 20 s (a time step of 1t D 1=2048 s is used).
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Fig. 7 Theoretical LCO vibration mode shape for U = 35 m/s and µ0 = 0.5 deg.

a) Time history b) FFT analysis

Fig. 8 Single harmonic gust excitation for U = 25 m/s and gust frequency ! = 18.5 Hz.

In Fig. 6a, the LCO response is shown in time intervals of 1 s for
the several � ow velocities. For each � ow velocity (increasing1U ),
the initial conditions used are provided by the previous LCO state.
For decreasing velocity, the results are shown in Fig. 6b. Again
hysteresis in the response is seen depending on whether the � ow
velocity is increasing or decreasing.

In the experimental measurement, two different LCO responses
are also observed for increasing and decreasing � ow velocity. With
increasing � ow velocity, a jump at U D 33:8 m/s is found, which
is similar to the theoretical results at U D 34:3 m/s as shown by
the open circle with a solid line in Fig. 5a. This velocity at this
jump is called the experimental � utter velocity. As the � ow veloc-
ity increases further, the LCO amplitude measured has a modestly
larger increase than that found from theory. When the � ow velocity
is decreased, another jump is found at U D 31:4 m/s as shown in
Fig. 5a and as indicatedby the open trianglewith a broken line. The
experimentalLCO amplitudes for decreasingvelocity are modestly
smaller than those found for increasing velocity.

The LCO frequency vs � ow velocity is shown in Fig. 5b. The
symbols used are the same as those for Fig. 5a. As shown in Fig. 5b,
the LCO frequencyhasa slight changeas the � ow velocityincreases.
The theoretical/experimental agreement is reasonablygood, for ex-
ample, about 5% for LCO frequency and even closer for LCO am-
plitude. The differencebetween theory and experiment for the � ow
velocities at which the jumps occur is also less than 5%.

Hence, a hysteresis phenomenon was found from both the theo-
retical prediction and experimental observation in the present ver-
tically mounted wing model. As shown in Ref. 6 for a horizontally
mounted wing, the stall aerodynamicnonlinearityis responsiblefor
this hysteresis and LCO behavior.

The LCO vibration mode shape is similar to the � utter mode,
with the most important coupling occurring between the � rst tor-
sion mode and second � ap mode. Figure 7 shows the theoretical
LCO mode shape along the wing elastic axis for U D 35 m/s and
µ0 D 0:5 deg.

The preceding results are closely comparable to those of Ref. 6,
even though the experimental models are differently mounted.
Hence, there is a sound basis for now considering gust load
excitation.

Results with Gust Loads
To obtain a more meaningful correlation between theory and ex-

periment, the gust angles of attack for both harmonic and frequency
sweep gust excitations are measured and quantitatively calibrated.
For a single harmonic gust, a typical time history and correspond-
ing fast Fourier transform (FFT) analysis of the gust angle of attack
are shown in Figs. 8a and 8b for U D 25 m/s and gust frequency
! D 18:5 Hz. As shown in the FFT analysis of Fig. 8b, the gust
load is not a pure sinusoid.The second harmonic componentcannot
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Fig. 9 Gust angle of attack vs gust frequency for U = 25 m/s: experi-
mental data points are indicated by circles, and solid lines are curve � ts.

a) Time history b) PSD analysis

Fig. 10 Frequency sweep gust excitation for U = 25 m/s.

a) Tip chordwise b) Midspan � apwise

c) Tip twist

Fig. 11 Theoretical frequency response to harmonic gust for U = 25 m/s.

be neglected. Similar results are found for other gust frequencies.
Figure 9 shows the measured gust angle of attack ®G vs gust excita-
tion frequency (hertz) for a � ow velocity of U D 25 m/s. In Fig. 9,
an opencircle indicates the measured � rst harmoniccomponentand
the � lled circle indicates the second harmonic component.The solid
line is a least-square curve � tting of the experimental data. A for-
mula based on the measured experimental gust angle of attack is
constructed as

®G .t/ D N®G1 sin !t C N®G2 sin.2!t C 1Á/ (12)

where 1Á is a possible phase difference between � rst and second
gust frequencies. However, it is dif� cult to determine 1Á due to
the � ow� eld created by the present RSC gust generator. Thus, we
assume 1Á D 0 as an approximation.

Figure 10a shows a measured continuouslinear frequency sweep
gust angle of attack for U D 25 m/s. The gust strength (angle of
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a) For µ0 = 0 b) For µ0 = 2 deg

Fig. 12 Theoretical and experimental tip twist response (rms) to gust excitation frequency for U = 25 m/s.

a) For ! = 22 Hz b) For ! = 21 Hz

Fig. 13 Measured time history of the tip twist de� ection for U = 25 m/s, µ0 = 0, and µ0 = 2 deg.

a) For µ0 = 0 b) For µ0 = 2 deg

Fig. 14 Theoretical and experimental velocity response (rms) to gust excitation frequency at midspan for U = 25 m/s.

attack) is not constant with time, as expected from theory. For the
measured lateral gust, the minimum and maximum frequencies are
0 and 40 Hz, and the sweep durationT is 4 s. For convenientapplica-
tion in the gust response analysis, a formula based on experimental
gust angle of attack data is constructed:

®G .t/ D N®G .t/ sinf!1 C [.!2 ¡ !1/=2T ]tgt (13)

where ®G.t/ is given by

N®G .t/ D
4X

i D 0

ci t
i (14)

and c0; : : : ; c4 are determined by the least-square curve � tting
method of the experimental data.

An envelopeof the numericalgust simulationis plotted in Fig. 10a
as indicated by the broken line.

Figure 10b shows a corresponding power spectra density (PSD)
plot and comparison between the measured continuous linear fre-
quency sweep gust (solid line) and the numerical gust simulation
(broken line) for U D 25 m/s. The experimentalPSD is based on an
average over 20 sweep periods.

Equations (12) and (13) are used as theoretical gust excitations
to calculate the nonlinear gust response for comparison with the
experimental response results.



TANG AND DOWELL 427

a) Theory b) Test

c) FFT analysis

Fig. 15 Theoretical and experimental velocity time histories and FFT analysis at midspan for U = 25 m/s, µ0 = 2 deg, and ! = 18 Hz.

a) Theory b) Test

Fig. 16 Theoretical and experimental tip twist response to frequency sweep gust for U = 25 m/s and µ0 = 0.

a) µ0 = 0 b) µ0 = 2 deg

Fig. 17 Theoretical and experimental PSD of tip twist response to frequency sweep gust for U = 25 m/s.
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Response to a Harmonic Gust Excitation
Equations (9) and (12) are used to calculate time-marching re-

sponse and rms values obtained from the steady-state oscillation.
The time step 1t is 1/2048. Usually, the steady state is reached
after about 10 s. The durationof the transient response is largely de-
termined by aerodynamic damping rather than structural damping
for this model. Figure 11 shows the theoretical results for the gust
response to harmonic excitation for a � ow velocity of U D 25 m/s
and a steady angle of attack, µ0 D 0 and 2 deg. Figure 11a shows the
tip chordwise rms amplitude, Fig. 11b shows the midspan � apwise
amplitude response,and Fig. 11c shows the tip twist. The responses
for µ0 D 0 and 2 deg are indicated by the solid and broken lines,
respectively.Note that for a linear theory, there is no effect of µ0 on
the results.Hence, the differencesbetween the results for µ0 D 0 and
2 deg is a measure of the nonlinear effects.

As shown in Fig. 11a for the chordwise response, there is a very
small response amplitude for the µ0 D 0 deg. This is because the

Fig. 18 Experimental PSD of tip twist response to frequency sweep
gust for U = 25 m/s, µ0 = 0, and 2 deg.

a) Theory b) Test

Fig. 19 Theoretical and experimental � apwise velocity response at the midspan to frequency sweep gust for U = 25 m/s and µ0 = 2 deg.

a) µ0 = 0 b) µ0 = 2 deg

Fig. 20 Theoretical and experimental PSD of � apwise velocity response at the midspan to frequency sweep gust for U = 25 m/s.

airfoil drag itself is small. When µ0 D 2 deg, the chordwise response
becomes larger, particularly near the � rst chordwise and torsional
natural frequencies (!v D 14:25 Hz and !Á D 24:5 Hz). The chord-
wise excitation is dominated by the chordwise component of the
lift.

As shown in Fig. 11b for the midspan � apwise response, there
are three dominant peaks correspondingto the � rst and second � ap-
wise natural frequencies (! f 1 D 2:62 Hz and ! f 2 D 18:25 Hz) and
� rst torsional natural frequency.For the gust responsesnear the two
� apwise natural frequencies, there is a slight difference between
µ0 D 0 and 2 deg. This is because the large static � apwise de� ection
generates a slight change of the � apwise natural frequency.5 Note
that the tip � apwise de� ection for µ0 D 2 deg and U D 25 m/s is
0.03 m. However, the torsional natural frequency is more depen-
dent on the static � apwise de� ection than the � ap natural frequency.
The gust response near the torsional frequency has a larger change
with µ0 both in response amplitude and peak frequency. Such re-
sults are also seen from Fig. 11c for tip twist response amplitude.
The torsional frequency of this aeroelastic system increases with
µ0. It is believed this is because of the larger static � apwise de� ec-
tion (µ0 D 2 deg), which increases the structural torsional natural
frequency.

Figure 12 shows the correlation between the theoretical and ex-
perimental results for the tip twist response (rms) vs gust excitation
frequency at a � ow velocity of U D 25 m/s. Figure 12a is for µ0 D 0
and Fig. 12b is for µ0 D 2 deg. In Figs. 12, an open circle with the
broken line indicates the measured data and the solid line indicates
the theoretical results. The dominant response is near the torsional
natural frequency. The correlation is reasonable except for a fre-
quency difference at the peak amplitude. The difference between
theory and experiment for the peak frequency is about 7.5%.

When Fig. 12a is compared to Fig. 12b, it is found the resonance
frequency of this aeroelastic system increases (for both theoretical
and experimental results) when µ0 increases from 0 to 2 deg. Exper-
imental time histories are shown in Fig. 13a for a gust frequency,
! D 22 Hz, and in Fig. 13b for ! D 21 Hz. In Figs. 13, the solid
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line is from µ0 D 0 and the broken line is from µ0 D 2 deg. As shown
in Fig. 13a, when ! D 22 Hz, there is a large twist de� ection for
µ0 D 2 deg, but a small twist de� ection for µ0 D 0. When ! D 21 Hz,
the results are reversed, as shown in Fig. 13b.

A similar correlationbetween the theoreticaland experimentalre-
sults for the midspan velocity response (rms) vs gust excitation fre-
quency at the � ow velocityU D 25 m/s is shown in Fig. 14a (µ0 D 0)
and Fig. 14b (µ0 D 2 deg). Two dominant peaks are found. One is at
frequency19 Hz, which correspondsto the second � apwise bending
mode, and the other is near 22–23 Hz, which correspondsto the � rst
torsionalmode. The theoretical and experimental results verify that
for the bending mode, the resonance frequency is almost indepen-
dent of µ0. However, for the torsion mode, the resonance frequency
increases with µ0: The correlation is good. A typical comparison of
theoretical and measured time histories for U D 25 m/s, µ0 D 2 deg,
and ! D 18 Hz are shown in Fig. 15a (theory) and Fig. 15b (test),
respectively.A theoretical and experimental FFT analysis that cor-
responds to Figs. 15a and 15b is shown in Fig. 15c. As shown in
Fig. 15c, the dominant response component is at the gust excitation
frequency,but the second harmonic responsecomponent is not very
small, especially for the measured data. The natural turbulence in
the wind tunnel is not modeled in the theory;hence, the differencein
the off-peak responses in Fig. 15c between theory and experiment.

Response to a Frequency Sweep Gust Excitation
Equations(9) and(13)areused to calculatetime historiesandPSD

due to a frequency sweep gust. The theoretical and experimental
results for tip twist response are shown in Figs. 16a and 16b for a
� ow velocityof U D 25 m/s and a steadyangleof attack,µ0 D 0 deg.
There are 10 sweep periods in 40 s and the total sampling length
is 51,200 points for the measured data. Figure 16b is one sweep
period of the total sampling length. Theoretical (solid line) and
experimental(dashed line)PSD resultsthat corresdpondto Figs. 16a
and 16b are shown in Figs. 17a (µ0 D 0 ) and 17b (µ0 D 2 deg) for
an average over 10 sweep periods. The results are very similar to
Figs. 12a and 12b. It further con� rms our earlier conclusions.

To observe the effect of the steadyangle of attackµ0 on the aeroe-
lastic frequency, a comparison between two experimental PSD of
the tip twist for µ0 D 0 and 2 deg is shown in Fig. 18. It veri� es
experimentally our earlier conclusion in Ref. 6 regarding the effect
of µ0 .

Figures 19a and 19b show the theoretical and experimental time
histories of the mid-span � apwise velocity response for a � ow ve-
locity of U D 25 m/s and a steady angle of attack, µ0 D 2 deg. The-
oretical (solid line) and experimental (dashed line) PSD results that
correspond to Figs. 19a and 19b are shown in Fig. 20a (µ0 D 0) and
20b (µ0 D 2 deg). The agreement between theory and experiment is
reasonably good.

Conclusions
The present experimental and theoretical results provide new in-

sights into nonlinear aeroelastic phenomena for high-aspect-ratio
wings (with a tip slender body) that have a beamlike structural be-
havior. As previously noted,2¡6 the effects of the geometric struc-
tural nonlinearity depend on the ratio of the � ap and chordwise
bending stiffnesses, E I2=E I1 . For relatively small E I2=E I1 , the
� utter instabilityboundaryhas only a small change due to the struc-
tural nonlinearityand pre� utter static deformation.This earlier con-
clusion has also been con� rmed by theoretical calculations for the
frequency response to both a harmonic and a frequency sweep gust.
These results were used to select the bending stiffness ratio for the
experiment reported here.

The fair to good quantitative agreement between theory and ex-
periment for gust response veri� es that the present mathematical
model and method has reasonable accuracy for a range of nonlinear
gust response analysis.

The primaryvariableused to inducenonlinearityin thepresentex-
perimentwas the steady angle of attack at the wing root. This in turn
induces a static nonlinearity that changes the dynamic characteris-
tics of the wing and, hence, its response to gust excitation.However,
the dynamic response levels arising from the gust excitation in the
presentexperimentare themselvesrelativelysmall. Hence, dynamic
nonlinearities per se in the gust response are thought to be modest
in the tests reported here.

Future work might be directed toward 1) large gust excitations
to induce nonlinear dynamic response, 2) considerationof gust re-
sponse in the � ow velocity range where LCO also occurs, and 3)
calculationswith improved structuralmodels that are appropriateto
larger de� ections such as those developedby Patil et al.2;3 and Patil
and Hodges.5
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